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Abstract. In the present paper we suggest an explicit construction of a Cartan 
connection for an elliptic or hyperbolic CR manifold M of dimension six and codi- 
mension two, i.e. a pair {P,uj), consisting of a principal bundle tt : P ^ M over 
M and of a Cartan connection form uj over P, satisfying the following property: the 
(local) CR transformations f : M ^ M are in one to one correspondence with the 
(local) automorphisms f : P ^ P for which f*ijj = uj. For any x £ M, this construc- 
tion determines an explicit monomorphism of the stability subalgebra Lie{Aut{M)x) 
into the Lie algebra f) = Lie{H) of the structure group H of P. 



1. Introduction. 

A CR structure on a smooth manifold M is a pair ("D, J) where P is a distribution 
in TM and J is a smooth family of complex structures Jx '■ "D^ — > "D^ on the spaces 
T^x C TxM. Such geometric structure occurs naturally in studying the geometry of 
embedded submanifolds of C". In fact, typical examples of CR structures are given 
by the pairs (P, J) on a (sufficiently regular) real submanifold M C C", where T) 
is the distribution of tangent subspaces = { v ^ T^M : y/—[v £ T^M } and J 
is the family of complex structures Jx '■ T^x — > T^x defined by Jx{v) = \/—lv. 

Any CR structure is naturally associated with the pair of distributions D^'',!)*^^ 
in the complexified tangent space T^M, determined by the subspaces V^f, C 
V'^ CT^M defined by 



piu ^ { ^ E : Jv = V^v } , V^^' = {v £Vl^ : Jv = -V^v } . 

A CR structure {"D, J) is called integrahle if the corresponding distribution is 
involutive, i.e. if for any two complex vector fields A, Y with values in the Lie 
bracket [A, y] is still a complex vector field with values in T>^^ . The codimension 
of a CR structure {V, J) is the codimension of the distribution V in TM. 

A CR structure (T>, J) of codimension one is called Levi non- degenerate if the 
distribution P is a contact distribution, i.e. if for any 1-form with Ker^^ = 
Vx, X £ M, one has that 9 A {dO)"' ^ 0. A CR structure (P, J) of arbitrary 
codimension is called Levi non- degenerate if D satisfies a certain set of conditions. 
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which generahzes the condition of Levi non-degeneracy of the CR structures of 
codimension one. For the exact definition of Levi non-degeneracy in arbitrary 
codimension, see Definition 2.3 below. 

From now on, any CR structure will be assumed to be integrable and Levi non- 
degenerate. 

Now, for a given CR manifold M of codimension k, we call osculating quadric at 
a point X E M the homogeneous real submanifold of 

(x) 

where the i?*'s are the components of the Levi form of the CR structure, evaluated 

(x) 

at the point x (for the definition of Levi form of a CR structure, see §2 below). 
Geometrically speaking, the osculating quadric at a point x can be characterized 
as the homogeneous CR manifold, whose CR structure "osculates up to the second 
order" the CR structure of M at the point x. We say that a CR manifold M is of 
strongly uniform type if all osculating quadrics Qx, x e M, are equivalent. 

For CR structures of codimension one strong uniformity is an automatic conse- 
quence of non-degeneracy, due to the classification of quadrics by their signature. 
In higher codimensions there are only a few cases where non-degenerate quadrics 
admit a discrete classification. Among them most interesting are certainly those 
with large automorphism groups. According to [10], this happens only in two sit- 
uations: either when the real dimension of Q is 6 and the codimension is 2, or 
when the real dimension of Q is 2n -|- n? and the codimension is , where n is the 
complex dimension of "D. 

In this paper we discuss the geometry of strongly uniform CR manifolds of 
dimension six and codimension two. 

Strongly uniform CR manifolds of dimension six and codimension two have been 
intensively studied (see e.g. [14], [8], [9], [10], [7], [11], [12], [16], [18], [19], [6]). 
In particular, it is known that for such a kind of CR manifolds, there are only 
three possibilities for the osculating quadric. Using this fact, these manifolds are 
subdivided into three disjoint classes, namely the elliptic, parabolic and hyperbolic 
manifolds. Furthermore, in a previous paper J. Slovak and the first author obtained 
the following theorem, which is consequence of the results in [20] and [5] . 

Theorem 1.1. [18] Let M be an elliptic or hyperbolic manifold and Q the oscu- 
lating quadric at one of its points. Denote also by Gq the automorphisms group 
Gq = Aut(Q), by Hq the .stability subgroup Hq = Aut(Q)o at & Q, and by 
the Lie algebra Qq = Lie{GQ). Then: 

i) there exists a principal bundle vr : P{M) M with structure group Hq and 
a natural infective homomorphism 

I : AutiociM) ^ Autioc{P{M)) 

(called lifting map) from the pseudogroup AutiodM) of local CR transfor- 
mations of M into the pseudogroup Autioc{P{M)) of local automorphisms 
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of bundle P{M), which makes the following diagram commuting 

P{M) P{M) 



M — - — > M 

ii) there exists a Cartan connection lom '■ TP{M) — > qq such that a dijfeomor- 
phism f : P{M) P{M) is equal to f = i{f) for some f G Aut(M) if and 
only if f*UM = (^m- 

Notice that, by Theorem 2.7 in [20], if (P'(M), cj^^) is a pair consisting of a prin- 
cipal bundle P'{M), which satisfies (i), and of a Cartan connection tj^^, which sat- 
isfies (ii) plus a certain set of linear conditions on the curvature, then (P'(M),a;^) 
is isomorphic with the pair (P(M), wm) of Theorem 1.1 (i.e. there exists a principal 
bundle isomorphism / : P'{M) — > P{M) such that f*uJM = ^^m)- 

From the existence of the invariant Cartan connection lom^ it follows that the 
action of the stability subgroup Aut(M)a;, a; G M, on the fiber P^ = ^-^{x) C 
P{M), commutes with the simply transitive action of Hq on P^. From this it may 
be inferred that, given a point u e Px, the map 

X G Lze(Aut(M))^ Vu,x e Lie{HQ) , 

where Vu,x G Lie{HQ) is the element, whose fundamental vector field V*x satisfies 
~ i'*{^)\u, is a Lie algebra injective homomorphism from Lie{Aut{M)x) into 
Lie(HQ). By this remark, the explicit knowledge of the bundle P{M) and of the 
lifting map i gives an effective tool for reducing several questions on elliptic or 
hyperbolic manifolds to questions concerning some special subalgebras of Lie{HQ). 

It is a disadvantage of the iterative construction, on which the result in [18] is 
based, that it does not provide an explicit expression of the bundle P{M) and of the 
Cartan connection (for more details, see also [5], [18] or the review in [1]). On the 
other hand, the explicit construction of bundle and absolute parallelism in [7] does 
not give, in general, a Cartan connection and hence, it does not give an explicit 
expression for the homomorphism between Lie{Aut{M)x) and Lie{HQ). 

In this paper we give an explicit and (in our opinion) simple construction of 
a Cartan connection (Pcm (-^4^), V'cm), which satisfies all the claims of Theorem 
1.1. However, a direct check shows that, generically, the curvature of ipcM does 
not satisfy the linear equations required by Theorem 2.7 in [20]. This means that, 
generically, the new pair {Pcm{M), tpcAi) is not isomorphic with the pair (Pmt^^m)- 
However, we expect that our bundle Pcm{M) admits also another Cartan connec- 
tion, which does satisfy the conditions of the quoted theorem. If this conjecture 
is correct, this would imply that the bundle Pcm{M) is equivalent to the bundle 
P(M). 

The bundle Pcm(^^) is the exact analogue of the principal bundle associated 
with a Levi non-degenerate CR manifold of codimension one, introduced by S.S. 
Chern and J. Moser in [4]. The construction can be roughly described as follows. 
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First of all, we consider a principal bundle vri : E{M) — >■ M, with 2-dimensional 
fibers, formed by all pairs of 1-forms (6'^6'2) G T*M x T*M, x £ M, such that 
= Ker6'^ n Ker^^^ and so that some additional condition, which are specified 
below, on the corresponding Levi form are satisfied. Secondly, we consider a special 
class of linear frames u = (ei, . . . , eg) at the tangent spaces of E{M), which we call 
adapted to the CR structure. The bundle tt2 '■ PcuiM) — > E{M) of adapted frames 
is proved to have a natural structure of an iJg-principal bundle tt = tti o : 
PQyi{M) M over M and it satisfies claim (i) of Theorem 1.1. In particular, since 
any CR diflfeomorphism f : M ^ M lifts naturally to a map / : E{M) E{M) 

and each map / lifts naturally to a diffcomorphism / : L{E{M)) L{E{M)) of 
the linear frame bundle L{E{M)), the hfting map t : Aut(M) Aut(PcM(M)) of 

Theorem 1.1 (i) is simply the map i : f ^ f . 

Even the construction of the Cartan connection ^cm is modelled on the argu- 
ments used in [4]. In fact, starting from a set of 1-forms {w', which represents 
an arbitrary gg-valued Cartan connection on Pcm(-^)) we show how to deter- 
mine a set of real functions Si on P[M) so that the new collection of 1-forms 
~ X^i'S'i'^*} represents a Cartan connection ipcM, which verifies Theorem 

1.1 (ii). 

We have to recall that, in case M is real analytic and it is presented as a real 

submanifold of C^, another explicit embedding of Lie{Aut(M)x) into Lie{HQ) can 
be obtained by studying the normal form of the defining equations for M (see [14], 
[9], [12]). On the other hand, the approach given here is valid for any smooth 
manifold M and it is based only on the intrinsic CR geometry of M. 

Before concluding, we would like to point out that the construction of the Chern- 
Moser bundle can be done also in case M is a parabolic manifold. But, in this case, 
the bundle does not have a natural structure of a principal bundle over M. This is 
certainly consistent with the results of [20] and [5], which imply neither existence 
nor non-existence of a canonical Cartan connection on parabolic manifolds. At the 
best of our knowledge, it is not known if there is any obstruction to the existence 
of a canonical Cartan connection on parabolic manifolds. 

The plan of the paper is the following. In §2, we discuss a few general facts 
on CR structures and we give the definition of strongly uniform CR manifolds of 
dimension six and codimcnsion two. Wc also give a new proof of the fact that 
these manifolds are subdivided in exactly three classes. The approach we use is 
strictly related (even if independent) with the discussion of hyperbolic and elliptic 
distributions of codimension 2 by A. Cap and M. Eastwood in [3]. 

In §3 and §4, we construct the bundle Pcm(^) of an arbitrary elliptic or hy- 
perbolic manifold M. We call it Chern-Moser bundle of M. In §5 we prove that 
Pcm{M) admits a natural structure of principal bundle over M and we show that its 
structure group is Gq. In §6, we construct the Cartan connection tpcM on Pcm{M) 
and we illustrate why the pair (Pcm(-^), V'cm) is generically not isomorphic with 
the pair {P{M),ujm) of Theorem 1.1. 

For any real vector space V, we denote by GL(y,M) the group of linear iso- 
morphisms of V into itself. If there is a complex structure J on V, we denote by 
GL(V', C) C GL(V', R) the subgroup of isomorphisms commuting with J. 
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2. First definitions and preliminaries. 

2.1 Distribution of contact type and Levi non- degenerate CR structures of codi- 
mension k. 

Let M be a manifold of dimension n and let T> C TM be a distribution of 
codimension k on M. For any point x G M, we call conormal frame at x any k-tuple 
e = {e^,...,e'') oi llnearly independent 1-forms (9* € T*M such that nf=i ^^r 6** = 
Vx- It is clear that any conormal frame is a basis for the subspace of 1-forms 
vanishing on V^- We call conormal frame bundle ofV the bundle vr : E{M, V) ^ M 
of all conormal frames at the points of M (here, tt is the natural projection map 
which sends any conormal frame 9 G T*M x • • • x T*M to the point x). Notice 
that the right action of GLfe(M) on E{M,V) defined by 

M : GLfe(R) X E{M, V) ^ E(M, V) , m(A • • • , ^')) = ((^-'))^^ ■ ■ ■ , {A-'P^) 

acts transitively on the fibers of tt : E{M, T>) ^ M and makes E{M, V) a principal 
bundle over M. 

With any conormal frame 9 = {9^,. . . , 9^) G ii;(M, V)^, x G M, we may associate 
a k-tuple of 2-forms in h?Vy. as follows: consider a smooth section 9 : U C M ^ 
E{M, V) defined on a neighborhood U of x, such that 9x = 9\ then let us define 

M = (d9, . . . ,dt) G K^Vx X • • • X K^Vx , 

d9{X, Y) =^ d{¥)x{X, Y) , for any X,Y eV^ . 

It can be checked that the 2-forms dB G A are independent of the choice of the 
extension 9 and that they depend uniquely on 6* = . We will call d9 the M.^ -valued 
2- form associated with 9. 

Definition 2.1. A codimension A; distribution V c TM is called of contact type if 
for any point x e M and for any conormal frames 9 = {9^,9^, . . . ,9^^) e E{M, D) 

a) lra(d9) = Span{ v eM}" = d9{X, Y) for some X,Y eV^ } = R''; 

b) Ann(d^) = {X eV^ : d9{X, *) = } = {0}. 

A CR structure of codimension k on a manifold M is a pair {T>, J), where V is 
a distribution of codimension A; and J is a smooth family of complex structures 

Jx ■ ^x ^ ^x 

which satisfy the integrability conditions: 

J{[JX,Y] + [X,JY])eV , (2.1i) 

[JX, JY] - [X, Y] - J{[JX, Y] + [X, JY]) = . (2.I2) 

We recall that the integrability conditions (2.1) are satisfied if and only if the 
eigendistributions T>^^ C T'^M and 2?°^ C T^M of J, given by the J-eigenspaces 
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in Tf-' corresponding with the eigenvalues i and — i, are involutive, i.e. the space of 
their sections is closed under Lie brackets. 

If (P, J) is a CR structure of codimension k and Q = (^^, . . . , Q^) is a conormal 
frame at a point x G M, we call Levi form of {V, J) associated with 9 the k-tuple 
of bilinear forms on defined by 

= (L^' , . . . , L^' ) , L^' {X, Y) = Mi{X, JY) , for any X,Y . (2.2) 

Using the integrability conditions (2.1), one can check that for any i and for any 
X.YeV^ 

L^' ( JX, JY) = L^' (X, y) , L^' (X, Y) = L^' (Y, X) , (2.3) 

and hence is an R'^-valued, J- invariant, symmetric, bilinear form on V^- 
We also call complex Levi form at x the C'^ -valued hermitian form defined by 

L'{Z,W)''^'^^dUZ,W) , (2.4) 

for any Z,W & . It is quite simple to check that coincides (up to some 
isomorphism between C*^ and / D^) with the complex Levi form at x as classically 
defined (see e.g. [2]) and that the Levi form L^ is (up to a factor) the real part of 
the complex Levi form. 

Definition 2.2. A CR structure {V, J) of codimension k is called Levi non-dege- 
nerate if the underlying distribution T> is of contact type. 

Notice that from definitions and (2.4), a CR structure is Levi non-degenerate if 
and only if any C'" -valued Levi form satisfies 

Im(L^) = Span{ veC'' : v = 'LI{Z, W) for some Z,W eV^ } = & , (2.5) 

Ann(L^) n = { Z G : L^(Z, *) = } n P^" = {0} . (2.6) 

In particular, it is clear that Definition 2.2 is simply a reformulation of the usual 
Levi non-degeneracy condition on complex valued Levi forms (see e.g. [7]). 

2.2. The three types of CR manifolds of dimension six and codimension two. 

From now, by (M, P, J) we will always denote an integrable Levi non-degenerate 
CR manifold of dimension six and codimension two. 

Consider such a CR manifold (M,P, J) and let vr : E{M,V) ^ M he the 
associated bundle of conormal frames of the distribution P. Recall that E{M,V) 
is a GL2(M)-principal bundle over M. The aim of this subsection is to construct a 
GL2 (M)-equivariant map 

^':E(M,P)^P(52x2(M)) , 

where P(<S'2x2(]^)) denotes the projective space of the space of symmetric 2x2 real 
matrices and on which we consider the right action of GL2 (M) given by 

A ■ [a] = [{A-^) ■ a ■ {A-Y] for any A G GL2(M) . (2.7) 
Since the map ^ will be proved to be GL2(M)-equivariant and any fiber = 
7r"^(x) C E{M,T)) is a GL2(M)-orbit in E{M,V), we will have a well defined map 
which assigns to any point x G M the GL2(M)-orbit in P(5'2x2(I^)) containing the 
image ^{E^) of E^ = 7r~^(a;). 

In order to define the map ^, we first need to recall the following lemma. 
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Lemma 2.3. Let {V, J) be a 4-dimensional real vector space endowed with a com- 
plex structure J and let A'^V* be the space of J -invariant 2- forms of V. Let also 
T G A^V be a non-trivial 4-vector on V and G the symmetric bilinear form defined 

(r) 

by 

G : AlV* X AlV* ^ R , G (a, P) = (a A P){t) . (2.8) 
Then G is a Lorentz metric on A^-V* and the image p(GL2(V', C)) of the represen- 

i-r) 

tation 

p : GL2(V,C) ^ GL(A|y*,R) , p{A)-a = A*a, (2.9) 
is equal to the connected component of the identity of the linear conformal group of 

Proof. Consider a basis (ei, ... ,64) for V, which satisfies Jei = 62, Jes = 64 and 
ei A • • • A 64 = r, and let (e^, . . . , e^) be the corresponding dual basis in V*. Then 
we may consider the following basis for A'^V* 

f = l{e'Ae' + e'Ae') , = I {e' A - e' A e') , (2.10) 

^^ = l[e^Ae^-\-e^Ae^) , = ^ (e^ A - A e=^) . (2.11) 

and observe that the matrix associated with the bilinear form G in this basis is 



i.e. G is a Lorentz metric. For any complex endomorphism A G GL(y,C), let us 

(t) 

denote by A* the induced action on A'^V*. Then, for any a G A'^V, 

G{A*a,A*a) = \det{A)f G{a,a) , 

where by det(^) we mean the determinant of the complex matrix associated with 
A in the complex basis (ei — iJei, 63 — iJes). Then, for any a G A^V, we have that 
A*a G A|y and that 

G{A*a,A*a) = |det(^)|^ G{a,a) . 

(t) (r) 

This shows that (2.9) determines a representation of GL{V, C) as a subgroup of the 

linear conformal group of G. Since the kernel of this representation is S02(M), 

(t) 

by counting dimension, we get that p(GL(y,C)) is isomorphic to the connected 
component of the identity of C03^i(M). □ 

Now, for any given point x G M, let us fix a non trivial element w G A^V^ and 
let us consider the Lorentz metric G on A^V^ defined in (2.8). Notice that if we 

(ro) 












1 — I 











-1 











-1 
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replace w by some other non trivial element of A^D^ , the associated Lorentz metric 
changes only by multiplication by a non trivial factor. 

Let also C E{M, V) be the fiber over x in E{M, V) and, for any 9 = {6^,6'^) G 
Ex, denote by a{9) = {a^^{6)) the symmetric matrix 



{0) 



G idO , de 



(2.12) 



Using the condition of Levi non-degeneracy, one can check that a{d) ^ for any 

9 G Ex and, by the previous remark, we have that the projective class [a(^)] G 
IP('S'2x2(lS^)) is independent of the choice of tu. In particular, we have a well-defined 
map 

^ : E{M,V) ^ P(-S2x2(M)) , ^{9) = [a'^ (9)] . (2.13) 

If we consider on P(5'2x2(I^)) the right action given in (2.7), it follows from defi- 
nitions that is GL2(M)-equivariant and that it is the map we announced at the 
beginning of this subsection. 

Observe that the action (2.7) of GL2(M) on P(S'2x2(IR)) has exactly three distinct 
GL2(M)-orbits, namely the orbits of the following three elements 



b) 







(2.14) 



This fact leads immediately to the following definition. 



Definition 2.4. We say that a; G M is a point of elliptic, parabolic or hyperbolic 



type if the image "^{Ex) of the fiber E^ = tt 



-orbit of 



or 







(x) C E{M, V) is contained in the 
respectively. 



1 

-1 

We say that M has strongly uniform type if all points .x G M have the same type, 
or, equivalently, if the image \l'(i?(M, P)) C P(S'2x2(iR^)) is contained in exactly 
one GL2(M)-orbit of P()S'2x2(l^^))- In this case M is called elliptic, parabolic or 
hyperbolic manifold according to the type of its points. 



Now, if x G M is a point of a (2n + /c)-dimensional Levi non-degenerate CR 
manifold (M, V, J) of CR codimension k and 6* = (6l\ . . . , 6''=) is a conormal frame 
at the point x, we may consider the C*^ -valued Hermitian form 

jy, : C" X C" ^ C\ Hx{z, z') ^d9iz, z') , 

where we have identified C" ~ T^^- This Hermitian form determines uniquely (up 
to isomorphisms) the so called osculating quadric of M at the point x, namely the 
quadric 

Qx = {{z,w) e : Imw = H^iz, z) } . (2.15) 

Usually (sec e.g. [7]), a CR manifold is called strongly uniform if the osculating 
quadrics and Qx' of any two points are equivalent, i.e. if H^' = B ■ (A*Hx) for 
some A G GL„ (C) and some B G GL^ (M) . It turns out that if M is of dimension 6 
and CR codimension 2, M is of strongly uniform type (according to Definition 2.4) 
if and only if it is strongly uniform according to this last definition. Actually, we 
have the following fact, whose proof can be found e.g. in [16]. 
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Proposition 2.5. Let M he a Levi non-degenerate, integrable, CR manifold of 

dJmension six and codimension two of strongly uniform type. Then, at any point 
X G M , the osculating quadric is (up to equivalence) exactly one of the following 
three quadrics 

a) Im(iyi) = lm.{ziZ2) , lm.{w2) = Re(2;i^2) ; 

b) lm.{wi) = \zi\^ , lm{w2) = 'R.e{ziZ2) ; 

c) Im(u;i) = l^ip , Im(ty2) = |-22p 

In particular, a) occurs if M is elliptic, h) occurs if M is parabolic and c) occurs if 
M is hyperbolic. 



We want to stress the fact that, for a CR structure {V, J), the property of being 
elliptic, parabolic or hyperbolic is mainly a quality of the underlying distribution 
V and it is independent of the nature of complex structure J. See [3] for some 
investigations on this fact. 



From this point on, we will always assume that (M, P, J) is a strongly uniform 
CR manifold of dimension six and codimension two and that it is either elliptic or 
hyperbolic. 



3. A reduction of the conormal frame bundle E(M,'D). 



Consider a strongly uniform CR manifold (M, D, J) of elliptic or hyperbolic 
type and let vr : = E{M.T>) M be the conormal frame bundle determined 
by the distribution T>. In all the following, we will denote by tu = the 
tautological pair of E, that is the pair of 1-forms •nj-'^ and xu'^ defined at any point 

e = {e\e^)eE^(zE{M,v)hy 



tu"|e(X,y) = r(7r,(X),7r*(y)) , a = 1,2 , for all X, F G T^^; . (3.1) 



Then, we have the following: 



Proposition 3.1. Let : E ^ P(5'2x2(lR)) be the map defined in (2.13) and let 
E = ^'"^ ([oo]); where [ao] = ^ ^ or ^ ^ if M is elliptic or hyperbolic, 
respectively. Then: 

(1) for any point x E M and any conormal fram,e (6^, 6"^) € Ex, there exist four 



1-forms (e , e , e , e ) such that 



* „3| 



, e ) is a basis for T*M such 
J*&^\v^ and the 2-forms {d6^,d9'^) can be 



that e^\x>^ = J*e 
written in terms of this basis as in the following table: 
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M 


d0^ 




G 


Elliptic 






{ AeM2,2(R) : ^=(^^5 a)-^ ' 
where B=(l ■) £-=(0 1) , 
and a^+fc^/o} ~ C'xZa 


Hyperbolic 






{ AeM2,2(K) : A=(g , 

where i^=(V±"l) » 
and a,6eR>o } K, xK, xZa 



Table 1 

(2) E d E is a reduction ofir-.E^M with structure group G C GL2(M) given 
in Table 1; 

(3) let G C GL2(I'x) tt'^^^ p : G ^ G be the subgroups and isomorphisms given 
in Table 2; then, for any element 6 <E Ex ^ E and for any A £ G, we 
have that d9 o A = p{A) ■ dO (in the following table, the elements of G are 
identified with the matrices which are associated to their action on V* w.r.t. 
a basis e^,e^,e^ and satisfying (1)): 



M 



G 



p:G^G 



a -b Q 

AeM4,4(C) : A=\ h a ^ ^ \ -E 

^ 1 



Elliptic 



where E is /4x4 or ( ^ ^ „ , 
and a^+6^#0 } ~ C*xZ2 



1 







6' 
6 a , 



0-1 ^ \ /O 1\ 
n 1 Qj 

" 10/ 



AeM4,4( 



A= 



a 
a 





b 
6 



Hyperbolic 



wherea,6>0 and E is /4x4 



1 

1 



1 
1 



1 

1 



1 
1 



1 
1 



■E , 


1 
1 

xR. xZ, 



a n 

P\ n b Q 
" Oh 





6^ 



1 n \ 
10 \ _/ _i 

n 1 -I 1 

^' 1/ 

.(v.°j)ksa).,(jV.°)=«J) 



Proof (1) Let [a^] 



1 
1 



Table 2 

By definitions, the conormal frames 9 



ji a2^ 



^ ^([oo]) l~l Ex are exactly those whose corresponding 2-forms (d9 , dO ) represent 
two space-like vectors of an orthonormal basis for the Lorentz metric G , for some 

(r) 

fixed choice of the 4-vector r. Choose a basis (Q-^ , 9'^ , , e'^ , , e^') of T*M, with 
e^l-p^ = J*e^\T), and e%^ = J*e^\T), and with (e^ A e"* A A e^)(r) = 1, and 
consider the orthonormal basis B = i^^, - ■ ■ ,^^) of A^Vx given by 



e= Ue'Ae'-e'Ae<^) 



(3.2) 
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■Da, ^ 



(3.3) 



Da 

2- 



There always exists an orthonormal basis B for hq^V^ , in which the last two vectors 

1 2 

are exactly the 2- forms {^dO , ^d6 ). Wc may also assume that B has the same 
orientation and the same time-direction of B. Since, by Lemma 2.3, the group 
Gh('Dx,C) acts on A^V^ as the connected component of the identity of C03^i(M), 
there is some element A G GL(Da;,C) which maps B' into B and such that = 

^A*de and = ^A*de . This implies that, if we consider any A e GL{T^M,R) 

which preserves and induces on the transformation A, then the 2-forms d9 
can be written in terms of e" = A*e'^ as in Table L 

Similar arguments prove (1) when [oo] — i q 

(2) From the GL2(M)-equivariance of \E', it follows immediately that E is a re- 
duction of E with structure group equal to the stability subgroup G[a„] C GL2(M.) 
on P(S'2x2(]K))- This stability subgroup is given in Table 1. 

(3) It can be checked using just definitions. □ 

The relevance of the bundle E comes from the following fact. For any (local) 
diffeomorphism ^ : M ^ M, let us denote by ^ the associated lifted map on 

4) : T*M X T*M ^ T*M x T*M , 4>{o\e^) =^ {{^-^ye\ {(t)~^ye'^) . 

Notice that if : M M preserves the distribution T> (i.e. 4>^ (V) C V) then the 
lifted map ^ is a local diffeomorphism of the conormal frame bundle E into itself 
such that 0*(to) = w. If we consider a (local) CR diffeomorphism cf) : M ^ M 
(that is such that (f)*{V) C V and 4>*J = J)-, then we have the following crucial 
property of E. 

Proposition 3.2. Let E C E be the subbundle defined in Proposition 3.1. Then: 
ii) for any (local) CR diffeomorphism cj) : M ^ M , the lifted map (p satisfies 

^{E)C1E; 

(ii) a (local) diffeomorphism (p : E ^ E is the lifted map if = (p of some (local) 
diffeomorphism (p : M ^ M preserving E ( not necessarily CR ), if and only 
if it satisfies 

'P*{'^\e) = Me ■ (3-4) 

Proof. Let {9^, 9'^) G E^;, for some x e M, and let (9'^, 9'^, e^, . . . , e^) be a basis of 
T*M as in Proposition 3.1 (1). If : M M is a CR diffeomorphism defined on 
a neighborhood of x, one can check that the 1-forms 9^' = (p*{9^), 6*^' = (p*{9'^), 
e*' = (^*(e*), i = 3, ... ,6, constitute a basis for T^^^^^M and the 2-forms d9^' and 

d9^' are written in terms of e*' as in Proposition 3.1 (1). From this, it follows that 
iif{9^',9^') = "^(9^9^) = [oo] and that (^(e^ ^ ^. The claim that (^(tu|g) = cc7|g 
follows directly from definitions. 

The proof that a (local) diffeomorphism ip : E E is the lifted map of some 
CR transformation of M if and only if (3.4) holds can be obtained by the same line 
of arguments of Proposition VI.1.3 in [13]. □ 
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Remark 3.3. Notice that, in addition to {V, J^^^) = {V, J) and {V, J^^)) = {V, -J), 
the manifold M carries two natural (almost) CR structures (P, J*-*^), i = 2,3, 
defined as follows. 

At a point x e M, pick any pair 9 = {9^,9"^) G Ex and some corresponding 
1-forms (e^, e^, e^, e^) which satisiy Proposition 3.2 (1). Then splits into the 

J-invariant subspaces = Kere^\x>^ n Keve^\x>^ and = Kere^\x>^ H Ker e^|x>^. 
This splitting is independent of the choice of 9 and of the e*'s (see [5]). The CR 
structures {V, and (D, are defined by 

= J\vi © i-Avi) , 4'^ = i~J\vi) © (Jli^j) , X G M . 

It is not difficult to check that any local transformation (p : M ^ M, which preserves 
V and such that tp^J^'^) = J^-?) for some < i,j < 3, has a lift which maps E into 
E. 



4. The Chern-Moser bundle of an elliptic or hyperbolic manifold. 

In the following, we will continue adopting the notation of the previous section. 
In particular, w = {w^^w"^) will be used also to denote the restriction of the 
tautological pair of = E{M, V) on the reduction E C E. 

Moreover, since E is a principal bundle over M, with structure group GL2(M), 
we may consider the fundamental vector fields E'j* on E, which are determined by 
the elements Ej = ((5*) G (M). Recall the Ej* are vertical vector fields which 
span at all points the vertical distribution of E{M,T>). Finally, we adopt also the 
following notation. 

Notation We will use latin letters a, b, c, d to denote indices which run between 
1 and 2; we will use the letters i, j, fc, I to denote indices which run between 3 and 
6; we will use greek letters a, /?, 7, 5 to denote indices which run between 7 and 8. 

With capital latin letters J, J, L, we will denote indices which may run between 
1 through 8. 

Consider a frame (ei, . . . , eg) C T^E at a point of E and denote by (e^, . . . , e*) C 
TgE the associated dual frame. Then we will use the symbols el, ef, 62,62 to denote 
a quadruple of 1-forms, which depends on the forms e^, according to the following 
rules: 

i) if M is elliptic, we set eJ = e| = e'' and —63 = ef = e^; 

ii) if M is hyperbofic, we set el = e"^ , e^ = and = = 0. 

Furthermore, we define the following C-valued 1-forms: E^ = e^+ie^, E^ = e^+ie^, 
E'^ = e^ + ie^, E^ = el + ie|, ft = + iw'^. 

We have now all ingredients to introduce the concept of "adapted frames" and 
of "Chern-Moser bundle of an elliptic or hyperbolic manifold" . 

Definition 4.2. A frame (ei, . . . , ejv) C T^E is called adapted to the CR structure 
if the following conditions are satisfied: 

1) the vectors 67 and eg are equal to the vectors 87, eg defined by 

~ _ / El*\g + El*\e if M is elliptic , . 
\ El*\e if M is hyperbolic , ^ 
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~ ^ / -E^*\e + Ej*\e if M is elliptic , . . 

\ Ei*\0 if M is hyperbolic , ^ 

2) the vectors Ca, a = 1,2, are such that ^"(e;,) = 5^; 

3) the vectors Cj, i = 3,4,5,6, satisfy J7r*(e3) = ±7r*(e4), J7r*(e5) = =b7r*(e6) 
and the linear equations 

ro«(ei) = 0, dro"(ei,e„) =0 (4.2) 



for any a = 1,2 and a = 7, 8 plus the following conditions (here ft = 
w'^ + zcc7^, £^0 = |(ei - ie2), -Ei = ^(es - ^64) and i?2 = 1(^5 - 'iee)): 



EUiptic 


< 


f 

dn{Ei,Eo) = dn{Ei,Eo) = dn{E2,Eo) = dn{E2,Eo) = 
dn{Ei,Eo) = dn{E2,Eo) = 
dn{Ei, E2) = 1 dn{Ei,E2) = 

dJ^(£;i,^i) = dn{E2,E2) = dn{Ei,E2) = dn{Ei,E2) = 


Hyperbolic 


< 


/■ 

dw'^{ei, Sa) = for any a = 1, 2 

dw^{ei, 62) = if z = 3, 4 and dw'^{ei, ei) = if z = 5, 6 

1 If \ / 1 if i = 3, j = 4 
le„e,;-|Q if{i,j}^{3,4} 

2/ ^1 / 1 if i = 5, j = 6 
dw [ei,ej)-<^^ if {5,6} 



Table 3 



The conditions given in Definition 4.2 can be totally reformulated into conditions 
on the dual coframe of an adapted frame. Such conditions are the following. 

Lemma 4.3. A frame (ei, . . . , eg) of a tangent space T^E is a adapted to the CR 
structure if and only if the dual coframe (e^, . . . , e^) C TqE satisfies the following 
conditions: 

i) for a = 7, 8, the 1-forms e° satisfy e°'{eis) = S"^, where the ep, with P = 7,8, 
are the vectors defined in (4-1); 

ii) /or a = 1,2, e« = tu«|e; 

iii) for i = 3,4,5,6, the 1-forms e* vanish on any of the vectors ep, (3 = 7,8, 
given in (4-1), o^nd there exists a coframe {9^,... ,9^) in T*M, x = tt{9), 
such that t:*{9') = e\ i = 3,..., 6, and J*9^\v = ±9'^\v , J*9^\t) = 

iv) the differentials dzu"', a = 1,2, evaluated at the point 9, are equal to the 
following expressions for some suitable constants s,s' ,t,t' ,a,T (here O = 

+ iw'^, E^ = e^ + ie^, E'^ = e^ + ie^, E^ = e"^ + ie^ = e} + iej): 
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V 




Elliptic 


dn + An = AE"^ + a An + T An 


Hyperbolic 


dw'^ + A ro" = A + s A ro^ + f A tu^ 

dzu'^ + cl A uj'' = A + s' A vj'^ + f' A 



Table 4 



Proof. Let us check that if a coframe (e^, . . . ,e^) satisfies i) - iv), then the dual 
basis (ei, . . . , ejv) is an adapted frame. 

First of all, from i), ii) and iii), it is clear that the vectors Ca, with a = 7, 8, 
must coincide with the vectors of (4.1). Also (2) of Definition 4.2 is immediately 
satisfied by the vectors ei and 62- Finally, if we consider the remaining vectors e^, 
i = 3,4,5,6, and we plug them into the tautological 1-forms w°'\0 = e" and into 
dzu°'\o, we see that all conditions of Definition 4.2 (3) are satisfied. 

Conversely, assume that (e^, . . . ,e^) is a coframe, which is dual to an adapted 
frame. It is clear that i) and iii) are satisfied. Also ii) is satisfied, since vu°-\e, 
a = 1,2, gives the value 1 if and only if it is evaluated to the vector e^. Finally, 
from (3) of Definition 4.2, it follows that, modulo terms of type tu" A e", a = 1,2, 
a = 7, 8, the expressions for dw"'\0 have to be as in Table 4. Then, using the action 
of the vector fields Ej * on the tautological 1-forms gj" , one can compute the values 
dw"{{Ej)*, Ba) and check directly that the terms of type ot" Ae", o = 1, 2, a = 7, 8, 
appearing in the expressions for dzu"-\o, are those given in Table 4 (at this regard, 
see also the proof of next Lemma 4.4). □ 

It is fair to ask if there exists at least one adapted frame at any point of E. The 
answer is yes as it is proved in the following lemma. 

Lemma 4.4. There exists at least one adapted frame at any 9o = (^o'^o) ^ ^■ 

Proof. Let x be the point x = tt{9o) £ M and consider a local section 9 :U G M ^ 
E such that 9^ = 9o. Any element 9 G t^~^{U) C E{M,V) can be written as 

9 = A-^- 9y 

where y = 7r{9) G U and A G GL2(M). Moreover, if we consider the 1-form w = Tt*9, 
we have that the tautological pair xu can be written at a point 9 = ■ 9y as 

Therefore, by the fact that 9o = 9x, we get that dw at 9o can be written as 

d^loo = -(dA) A w\e, + dwle^ . (4.3) 
It is not difiicult to realize that {dA) is a 2 x 2-matrix of 1-forms 
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with entries e*- which satisfy the Unear relations described in i) or ii) in Notation 
4.1. 

On the other hand, dw\g^ = T:*d9x and, by Proposition 3.1, we can find 1-forms 
, ... in T*M so that d^" can be written as 

del = H^je' A + Mf,e^ A 6^ + iV,» A , (4.4) 

where the constants H^^ are so that dOo = d9\T>^xv^ is in one of the forms listed in 
Table 1. So, if we set 

we get that the coframe (e^, . . . , e^, e*) satisfies i), ii) and iii) of Lemma 4.3. More- 
over, the differentials dro^l^^ are of the form 

dvu^'le^ +etAw^ = Hf^e' A + M°;,e^ + N^^w^ A , (4.5) 

for some real numbers M^?^ and N"'^^. Now, replacing the 1-forms e*,e^ with other 
1-forms of the kind e^ + J^^e" and el + B^^e" + C^^e^ for some constants A^^, B^^, C^^, 
one gets another coframe which still satisfies i), ii) and iii) of Lemma 4.3. Moreover, 
if the coefficients and Bj^ are suitably chosen, one can obtain that several of 
the constants M^^^ and N^^, which appear in relation (4.5) for this new coframe, are 
equal to 0. Choosing the coefficient, so that a maximal number of the constants 
Mjfj, and N^^ vanishes, one obtains the equations of Table 4. □ 

Definition 4.5. Let M be an elliptic or hyperbolic manifold. The extended Chern- 
Moser bundle ofM is the set Pcm{M) of all adapted frames of E. The Chern-Moser 
bundle of M is the subset Pcm{M) C Pcm{M) given by all adapted frames such 
that J7r*(e3) = +7r*(e4) and J-n-*(e5) = +7r*(e6). 

The set Pcm{M) has a natural structure of fiber bundle over M given by the 
projection 

TT = TT o TTo : Pcm(M) ^ M , TT : E ^ M , 7To : Pcm(M) E . 

The tautological 1-form of Pcm{M) is the 6-tuple u = {u^, . . . ,w^), where the a;*'s 
are the 1-forms defined by 

6 

7r*(X) = ^tj'(X) • 7r*(ej) or, equivalently, a;'(X) = e*(7ro*(X)) , i = 1, . . . ,6 , 
1=1 

for any X G TuPcm{M) at a frame u = (ei, . . . , eg) G Pcm{M). 

5. The Chern-Moser bundle Pcm{M) is a principal bundle over M. 

The aim of this section is the proof of Theorems 5.2 and 5.3 below, which claim 
that both Pcm{M) and Pcm{M) admit a natural structure of principal bundle over 
M. Their proofs require a preliminary result, given in the next Proposition 5.1. 

5. 1 The natural action of the structure group ofit-.E^M on Pcm {M) . 

The first step for Theorem 5.3 consists in showing that the structure group G of 
TT : E ^ M admits a lifted action on tTq : Pcm(-^) E. Namely, 
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Proposition 5.1. Let G he the structure group of tt : E ^ M as described in 
Proposition 3.1. Then there exists a right action ofG on PcuiM), which commutes 
with any diffeomorphism of Pcm{M) induced by a CR transformation of M. 

Proof. In the following, for any element A £ G, we will denote by ^4 = ^"^(^4) G G 
the corresponding element in the group G C GL2(C) given in Table 2. Moreover, 
for any A £ G, let Ra : E ^ E he the right action of A, i.e. 

RAie\0^) = iiA-')le'^, (A-') . e 

Finally, for any frame u= (ei, . . . , es) C TgE, let '^a{u) = {e[, . . . , Cg) be the frame 
= RAM^^b) , e'i = RA*{Aiej) , e'^ = i?A*(ea) (5.1) 

(we adopt the convention on indices of Notation 4.1). It is simple to check that, for 
any two elements A, A' G G 

and hence that the map A ^a gives a right action of G on the space of linear 
frames of E. If we show that this action maps adapted frames into adapted frames, 
we are done. 

Assume that (ei, . . . , eg) is an adapted frame and let (e""^, . . . , e^) be the cor- 
responding dual coframe. Since the fundamental vector fields determined by the 
structure group G are mapped into itself by any diflfeomorphism Ra, with A £ G, 
it is clear that the vectors e'^, a = 7,8, satisfy (1) of Definition 4.2 whenever the 
vectors e^'s do. Notice also that, for any X G TqE 

R*A{zun{X)\e = wU-eiRA* (X)) = 

= {{A-')t9'){n., o Ra.{X)) = {{A-')te'){7r4X)) = {{A-')t^'){X)\e . (5.2) 
Therefore, for a,b,c = 1, 2, 

zu'^ie',) = AtRA*{^n{ec) = AKA-^rj^ = 6^ , 

and hence also (2) of Definition 4.2 is satisfied. Similarly, using (5.2) and the fact 
that the vectors e^'s satisfy (4.2), one can check that also the vectors e'- = A^i?A*(ej) 
satisfy (4.2). 

It remains to check if the vectors e'- satisfy the conditions of Table 1. But this 
can be done, just using the explicit expressions of the matrices A^ £ G and A'j £ G 

and the fact that, by construction, (itu''|yi-i.5i(e^-, e'(,) = Aj{A~^)'^A'^d'aj'^{ei, Cd) for 
any a, 6 = 1, 2 and any i,j = 3, 4, 5, 6. □ 

5.2 The bundle tt : Pcm{M) E is a principal bundle (elliptic case). 

Assume that M is elliptic. Recall that, for any adapted frame (ei, . . . , eg) at ^ G 
E, with corresponding dual coframe (e^, . . . ,e^) the following holds (see Notation 
4.1) 

dfl + E^ An = E^ A E^ + aE^ An + tE^ Afl , (5.3) 
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where a and r are two suitable complex numbers, depending on the frame (ej). 

Now, consider a new coframe (e'*), which satisfies i), ii) and iii) of Lemma 
4.3. Assume also that, if (e*) satisfies (iii) of Lemma 4.3 with J* 9^ = eO'^ and 
J*9^ = e'd^, for some e, e' = ±1, then the new coframe satisfies (iii) of Lemma 4.3 
with the same signs e and e'. Then (e'*) is of the form 

e"' = e"' n' = e'^ + ie'^ = + ie^ = ) , (5.4) 

E^' = CjE^ + B'{e^ + ie'^) + Bl{e^ - ie^) = CjE^ + B'n + BlCl , (5.5) 

E^' = E^ + BjE^ + BjE^ + An + An , (5.6) 

where Cj, B'^, Bj, Bj, A and A are complex numbers. In order to make (e'*) to 

satisfy also iv) of Lemma 4.3, we have to require that the constants Cj, 5*, Bj, 

Bj, A and A satisfy some additional conditions. In fact, plugging (5.4) - (5.6) into 
(5.3), we get that 

dO, = -E^ Aft- BjE^ An- Bj& + A9.A9.+ 

+ClClE^ A ^2 + ClClE'^ AE'^ + ClClE^ A E^ + C^CIE^ AE^ + 

+ciB^E' An + c}BlE' An- WcfE' An- BlcfE' A n+ 

+a'ClE' An + a'B^n A + T'CfE' A Q + r'B^n A n . (5.7) 
By comparison of (5.7) with (5.3), we find the conditions 

Clcl=l, Cl = Cf = 0, B^=B^ = 0, (5.8) 

Bt = ClB^ , B2 = -BlCl , Bi=B2=A = . (5.9) 

Moreover, wc sec that the values a, r associated with the frame (cj) and the values 
a',T' associated with the frame (e^) are related by 

a' = {Cl)-^a = Cla , r' = {Cl)-^ = C^t . (5.10) 

Prom such observations, we obtain that (e'*) is a new adapted frame if and only if 
it is of the form 

E^' = ^0 - CFE^ - ^HE^ + AE° . 

With similar arguments, it can be checked that there is no adapted coframe 

(e'*), which satisfies (iii) of Lemma 4.3 with signs 7*6*^ = +e^'' and 7*6*^ = 
or J*03 ^ _g^4 j*^5 ^ +g/^6 

Finally, using the same arguments of before, we get that any adapted coframe 
(e-), which satisfies iii) of Lemma 4.3 with 3*9"^ = -^9"^ and 3*9^ = -e'9^, has to 
be of the form 

£;0' = E°, E^' = -^E^ + fW , E'"^ = CE^ +HE^ , 
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rpOl 
^0 



^HE^ - CFE^ + AE'^ . 



It follows that Pcm(-^'^) is a principal bundle over E^ with structure group G, which 
is isomorphic to the following group of matrices, associated with the transformations 
of the quadruple {E^ ,E'^ ,El) into the quadruple (E'^ 1^ .E'"^ ,E'%): 





A,C,F,H e C , 



/I 




'4x4 



0^ 
1 
0-100 

Vo 1, 



1 0^ 

0-100 

0-10 

,0 1, 









0^ 



(5.11) 

In particular, Pcm{M) is a smooth manifold. Note that G^^-* is isomorphic to a 
subgroup of the isotropy Hq, where Q is the elliptic quadric. 

5.3 The bundle tt : Pcm{M) E is a principal bundle (hyperbolic case). 

Assume now that M is hyperbolic. For any adapted frame (ei, . . . , eg) at G E, 
with corresponding dual coframe (e^, . . . , e^), from Table 4 and adopting Notation 
4.1, we may write that 



-E^ AE^ + aE'^ A e^ + aE"^ A e^ - ej A e^ , 



(5.12) 



-E^ AE^ + tE^ a e^ + fE^ Ae^ -e^Ae^ , 



(5.13) 



for some a, r G C. Assume also that (e*) satisfies (iii) of Lemma 4.3 with J*9^ = eO^ 
and J*6^ = for some fixed values e, e' = ±1. Now, from definitions, a new 
coframe (e'*), which satisfy (i), (ii) and (iii) of Lemma 4.3, with the same signs e, 
e' in the equations J*6''^ = eO"^ and J*0'^ = e'O"^, can be obtained from (e*) by 
means of a linear transformation of the following form: 



e"' = e" 



E 



C]E^ + Ble" 



Al 



el + B]E^ +B]E^ + Ay , 



.2/ 



2 „a 



ei + B^E^ + B'.E^ + Aie 



(5.14) 
(5.15) 



for some G*, Bl^,B^j G C and yl^ G M. Assuming that the coframe (e'*) satisfies also 
(iv) (and hence (5.12) and (5.13)), the following conditions have to be satisfied 



\clf = \cl\ 



1 , G" = if a 7^ i , 



B2 = B2 = Al 



, 



Bf = Bf = Al = 0, 



r2 



132-^2 . 
:-D2'-^2 ' 



2 1-1'^ 2 
there is no restriction on the coefiicients G C and A\ G 
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On the other hand, a similar Une of arguments shows that if a new coframe (e'* 



/3 



3/4 



satisfies (i), (ii) and (iii) of Lemma 4.3, with the additional conditions J*6 
or J*9'^ = —e'6'^, then the condition (iv) of Lemma 4.3 can never be satisfied and 
hence (e'*) cannot be an adapted coframe. 

Since this result is independent of the choice of the element in Pcm{M), we con- 
clude that Pcm{M) is a principal bundle over E, with structure group isomorphic 
to the group of matrices 



G 



1 

Bi 





Ci 
iiJlCi 1 







V 



1 

B2 
B2 

A-2 





C2 



-,B-2C2 






C2 _ 

hB2C2 1 / 



Bi,Ciec, AieR, \Ci\=i 



(5.16) 

Note that G is isomorphic to a subgroup of the isotropy Hq, where Q is the 
hyperbolic quadric. 

5.4 Conclusion. 

The following Theorems are the main result of this section. 

Theorem 5.2. Let M he elliptic or hyperbolic, G the group described in (5.11) 
and (5.16), respectively, and G the structure group ofn-.E^M. Then the group 

G t< G has a natural right action on Pcm{M), determined by the right action of G 
given in Proposition 5. 1 and the right action of G described in ^5.2 and § 5. 3, and 
TT : Pcm{M) M is a principal bundle over M with structure group G tK G. 

Moreover, G k G ~ iJg x Z2 if M is elliptic or G x G ~ i?Q x Z2 x Z2 if M 
is hyperbolic, where Hq is the stability subgroup of the osculating quadric Q at the 
origin. 

Proof. The group Hq is described e. g. in [16]. The existence of the isomorphisms 
G X G ~ Hq X Z2 or G k G ~ Hq x Z2 x Z2 follows by comparison of the groups. 
Finally, the fact that G x G acts transitively on the fibers of P is a direct consequence 
of the definitions of the actions of G and G. □ 



Theorem 5.3. The Chern-Moser bundle Pcm(^) of an elliptic or hyperbolic man- 
ifold M is a union of connected components of Pcm{M). In particular, it is a 
principal bundle over M with structure group isomorphic to Hq. 

Proof. For any point 9 & E and any u = (ei, ... ,68) G Pcm{M)\o, consider the 
subspace Vq^u = Ker(e^) fl Ker(e^). The projection 7r*|j,^£, : T0E T^(^g^M in- 
duces a linear isomorphism between Ve^^ and ^'^(e). We may consider the induced 
complex structure Jq^u '■ i'e,u i'e,u defined by 

So, a frame u = (ei, . . . , eg) G Pcm(-^) belongs to Pcm{M) if and only if 

e^(-^7r<,(M),w(e3)) = +1 , e'^(^7r„(«),«(e5)) = +1 • 
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Since the functions on the left hand sides are continuous and take values ±1, they 
arc constant on any connected component of Pcm{M) and this immediately implies 
the first claim. 

The second claim follows from the fact that, for any x G M, the intersection 
Pcm{M)x n Pcm(M) coincides with the orbit oi Hq c G k G. □ 

6. A canonical Cartan connection on the Chern-Moser bundle. 

Definition 6.1. Let P be an if-principal bundle over M and assume that there 
exists a Lie algebra g, which properly contains () = Lie{H) and a representation 
Ad : H Aut(0) which extends the adjoint representation of f) on g. 

A Cartan connection on P with model (g, Ad{H)) is a g-valued 1-form : TP — > 
g such that (here, for any h £ H, is the right action of h on P): 

i) for any u £ P, ipu '■ TuP ^ g is a linear isomorphism; 

ii) tpi-^*) = ^ foi' A e t) = Lie{H) (here A* is the fundamental vector 
field associated with A, i.e. the vector field on P, whose flow is equal to the 
1-parameter family of diffeomorphisms -Rexp(tA)) 

iii) ijj is if- invariant, i.e. for any h E H 

Rli^ = Ad^-i . (6.1) 

As before, for a given elliptic or hyperbolic manifold M, we will always denote 
by Gq and Hq the group of automorphisms of the osculating quadric Q and the 
stability subgroup at the origin, respectively. Finally, we set Qq = Lie{GQ) and 
f)Q = Lie{HQ). 

By standard facts on elliptic or hyperbolic quadrics (see e.g. [16]), it is known 
that the Lie algebra Qq = Lie{GQ) is a semisimple Lie algebra isomorphic to 
su2,i ©su2,i (hyperbolic case) or to sl3(C) (elliptic case). It also admits a graded 
decomposition of the form 

QQ = Qq + Qq + Aq + 0q + 0q , 

with [0g,gQ] C Q^Q-* such that f)Q = gg + 0q + 0q and so that the following 
property holds: if for any X G gg we denote by X the corresponding infinitesimal 
transformation on Q C Gq/Hq, then the map 

^ : 0Q ^ ToQ , X A X,h^ (6.2) 

induces an isomorphism between g^^ and the holomorphic tangent space Vq and 
an isomorphism between Q'q + Q~q and TqQ. 

Our aim is to construct explicitly a Cartan connection on Pcm(^) with model 
(gQ, Ad(ifQ)), which is invariant under any CR transformation of M. Any con- 
nection which satisfies such property of invariance will be called canonical. 

Prom now on, we will denote by (ej,VA,fc) the special basis for qq listed in 
Appendix. Notice that such a basis is so that: 

i) (ci, €2) is a basis for g^^, (es, . . . , ee) is a basis for the subspace C Qq 
and 
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(here ^ is the map defined in (6.2) and J is the complex structure of TqQ); 

ii) for any A; = 0, 1, 2, the elements {VA,k) form a basis for the subspace Qq C 

0q; 

iii) the Lie brackets between the elements Cj are as follows: 



Elliptic 


[^3)^5] — —^1 ) [e4)e6] — —^1 5 [^3)^6] — —£2 , [^45 ^s] — ^2 

[e3,e4] = [es^ee] = 


Hyperbolic 


l^z-i^i] = — ei , [e5,e6] = —£2 , 
[£3, €5] = [63, ee] = [64,65] = [64,66] = 



Table 5 



A given flQ-valued 1-form ■0 on Pcm{M) can be always written as 

i 

where ^p'^^ and ip'^^-'' denote some suitable R-valued 1-forms on Pcm(-W)- 

Observe that a g^-valued 1-form ip satisfies (i) of Definition 6.1 if and only if 
for any u G Pcm{M) the 1-forms V'"' \u and tp^'^''' \u are a basis for T*PcMiM). If 
this occurs, we have a natural injective linear homomorphism between qq and the 
vectors fields on Pcm{M), namely the correspondence between any element X £ qq 
and the unique vector field X such that ^l'u{X) = X at any u G Pcm^M). Such a 
vector field X will be called fundamental vector fields associated with X & qq by 
means of the QQ-valued 1-form 

Then next Lemma gives a characterization of the Cartan connections amongst 
the 0Q-valued 1-forms which satisfy Definition 6.1 (i). 

Lemma 6.2. Let {ip'^^ ,1/;^^''') be a set of R-valued 1-forms on Pcm{M), which are 
linearly independent at all points of Pcm{M) , and let tjj = ei'ip'^^ + ^A,k'P^^''' ■ 
For any X G Qq, denote also by X the associated fundamental vector field, by 
means ofip. Then ip is a Cartan connection modelled on (qq, Ad(ifQ)) if and only 
if 

(1) the vector fields VA,k coincide with the fundamental vector fields ^ asso- 
ciated with the elements VA,k € f)Q C 0q, by means of the right action of 
HQonPcuiM); 

(2) for any vector field ii and any element VB,k € 

[VB,k.ei] = -di^{V^^k,ei)='ip{[V^,k.h\) ■ (6.3) 

(3) ip is invariant under the element gsym £ Hq <zG kG defined as follows: if 
M is elliptic, then Qsym =91-92, where gi = (^0-1) ^ *^ 92 ^ G is 
the element which exchanges with E"^; if M is hyperbolic, then psym = 
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Proof. By construction, tp satisfies i) of Definition 6.1. Moreover, if (1) holds, then 
ip satisfies ii) of Definition 6.1 and, for any VA,k, VB,e. G {)q we have that 

[VB,iMVA,k)] + {Cv^^^i^){VA,k) = [VB,t,VA,k] - i^{[VB/,yXA) = 

= [VB,t, VA,k] - VA,k]*) = . (6.4) 

It follows that, if V' satisfies also (6.3), 

[VB,k,i^{h)] + ('Cy^>)(e) = [VB,k,ei]+d^P{V^^^,ei) = . 

So, for any element X G {ei,VA,k}^ we have that \yB,k-,fp{^)\ + {^v* ,^'^){^) = 
0. Since the vectors {ei.VA.k} span TuPcm{M) at any point and, in the elliptic 
and hyperbolic case, the connected component of the identity Hq coincides with 
exp({)Q), we conclude that tp is i^Q-invariant. Finally, since Hq = Hq x {e, ysym}, 
if also (3) is satisfied, then ip is invariant under the entire group Hq and hence it 
is a Cart an connection. 

The necessity of conditions (1) - (3) follows from the definitions. □ 

Remark 6.3. Note that condition (6.3) can be written also as 

[^B,fe,ei] = [VWi] • (6.3') 

Observe also that, by the proof of Proposition 5.1, if M is hyperbolic, the element 
5sym maps any adapted coframe (e^, . . . , e^) into the adapted coframe (e'^, . . . , e'^) 
defined by 

Similarly, by the same Proposition 5.1, if M is elliptic, the element 5fsym maps any 
adapted coframe (e^, . . . , e^) into the adapted coframe (e'^, . . . , e'^) defined by 

= i?;.J^°) , E'^ = K^JE') , E'^ = RI^JE') , 

where, as before, = + ie^, = + ie^ and E"^ = + ie^. 

The next lemma shows that, locally, a Cartan connection always exists and that 
some additional useful properties can be always assumed. 

Lemma 6.4. Let U C M be an open subset such that tt~^{U) C Pcm{M) is 
trivializahle. Then there exists a Cartan connection ip on Tr~^{U) modelled on 
(0Q, Ad(ifQ)), such that 

tp^* = , (6.5) 

where the uj'^'s are the components of the tautological 1-formuj of Pcm{M). 

Proof. It is known (see e.g. Ch. 5 in [17]) that any Cartan connection on tt~^{U) 
can be constructed as follows. Let : Tr~^{U) -^U x Hq be a trivializing map and 
let 5x be a family of linear maps 6x '■ TJJ ^ 0q, depending smoothly on the points 
X and such that the compositions po 5^ with the projection p '■ Qq 0q^ +02^^ 
are linear isomorphisms. If we denote by 7r2 -.Ux Hq Hq the natural projection 
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onto the second factor and we denote by ojhq the Maurer-Cartan form of Hq , then 
the 1-form 

V'At-i (a;,/i) = (Ad/,-1 0(5^ + 1T2i^Ha ) (6-6) 

is a Cartan connection. Moreover, any Cartan connection that is modelled on 
(0Q, Ad(ifQ)) on 7r~^{U) is of the above form. 
Consider now the family of linear maps 

and the corresponding Cartan connection ip defined by (6.6). By construction, (6.5) 
holds at all points of the form fi~^{x, e). By the ifg-invariance of tp, the properties 
of the vectors €j and the transformation rules of the tautological 1-form cu, it follows 
that the identity (6.5) is satisfied at any point of Tr~^{U). □ 



A (local) Cartan connection which satisfies (6.5) will be called good. 

Consider a (local) good Cartan connection ip and let q and VA,k be the associated 
fundamental vector fields. It is not hard to check that, if ip' is a new gg-valued 
1-form, which satisfies (6.5) and conditions (i) and (ii) of Definition 6.1, then there 
exist some smooth M-valued functions Sf''^ such that the fundamental vector fields 
e^, VX,ki determined by and the components of ■0' are as follows: 

= ii + Yl St'''VA,k , Vik = VA,k = VI, , (6.7) 

A,k 

i/j"^ = J , V'^-"'' = i^^^'^ - Sf'^Lo' . (6.8) 

i 

On the other hand, by Lemma 6.2, this new 0Q-valued 1-form ijj' is a Cartan 
connection if and only if it is invariant under the element ggym G Hq and equation 
(6.3) is satisfied. This last condition means that for any element Vb/ and any ej 
the following has to be satisfied: 

[V^B,.,e,] =5^e,-a;^-([Fi,,,e^]) + 5^Fc,.nV''''^-([^^,.,6l]) = 

j C,m 
j j,A,k j,A,k 

C,m \ ^ I ^''^ 

j C,m 

+ E yc,mV^AstV''-{vx,,)+ 

A,k,C,m 

+ E St''Vc,rnr^'-m,e,VX,k])-YyC,rnSf''^U^{^^^^^^ (6.9) 
A,k,C,m j,C,m 
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Formula (6.9) simplifies considerably if we recall that is a Cartan connection (and 
hence satisfies (6.3)). In this way, wc obtain that if)' is a Cartan connection if and 
only if it is gigym -invariant and the functions Sf'^ satisfy, for any ^ 

VUSt''') = E^f'^^'d^^,^'^"^]) - E^f'>''"'H[^B,.,^c,J) • (6.10) 

3 C,m 

In the next two subsection, we will show that, for any good Cartan connection V', 
defined on a trivializable subset 7r~^(W) C Pcm{M), there exists a unique choice 
for a 1-form ip' presented as in (6.7) and (6.8) such that: 

a) certain conditions on the values cLu^^e'p e^) and dif)''^^-'' {e'j, ej^) are satisfied; 

b) ip' is ^sym-iiivariant and satisfies (6.10) (hence it is a good Cartan connec- 
tion). 

The existence and uniqueness of such modification ijj' for any given good Cartan 
connection implies that it has to coincide on the overlaps of two trivializable sets 
7r~^(Z//), 7r~^{U'), even if we started from two distinct good Cartan connections ipi 
and ■02. For this reason all modifications tp' can be patched together to defined 
a unique global good Cartan connection ipcM on Pcm{M), which is necessarily 
canonical. 

Finally, let us explain how it is possible to check if the canonical connection 
we obtain is the same (or, more precisely, equivalent) to the connection lom of 
Theorem 1.1. This can be done by means of Theorem 2.7 in [20] , where the following 

necessary and sufficient conditions for the existence of an isomorphism between 
tpcM and lom are given. Let us denote by {ea), 1 < A < 6, a basis for the subspace 

=^ 0Q^ + 0Q^ C 0Q and let (e^) a corresponding basis for 0q + 0q C Qq, 
which is dual w.r.t. the Cartan-Killing form B of qq, i.e. such that B{e'^,£B) = 
5^. Then, in Theorem 2.7 in [20] it is given a necessary and sufficient condition, 
which may be rephrased for good Cartan connections saying that the following 
equations are satisfied for any cb (to obtain the following expression from the 
original statement in [20], we used the fact that for any X & qq and any e^, 
[eA,ipCM{X)] = —C^AtpcMiX) - see proof of Lemma 6.2): 

^i"^ {dllJcM{iA,iB))-^^d'llJcM{[£'^,£B]m,£A) = ^^[[£'^,£B]m,£A] , (6.11) 
A A A 

where [e'^,£B]nv denotes the natural projection of [£"^,£b] into the subspace m = 
5q +9q ■ 

If one consider a basis (sa), 1 < ^ < 6, given by the first six elements of the 
special basis for qq described in the Appendix, it is possible to realize that the 
corresponding dual basis (e^) is given (up to factors) by the last six elements of the 
same basis for qq. Then, using (6.12) and (6.13) below, it is possible to write down 
explicitly all components of the flg-valued 1-form on the left hand side of (6.11) 
and determine a set of conditions which is equivalent to (6.11). We will see that, 
among them, there are some of the which are not satisfied by a generic connection 
defined by the conditions mentioned in (a). 

Let us now proceed with the construction of the canonical Cartan connection 
ipCM, following the steps (a) and (b) described above. 
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Before going into the details of such a construction, we need the following tech- 
nical fact, whose proof is just an application of definitions and of (6.3). In the 
following, most of the functions S- will coincide with functions which are linear 
combinations of the functions duj^{ei,ej) and (^j) ^j)- order to check if 

(6.10) holds we need to evaluate the directional derivatives of such functions and 
they are given by the following expressions (we are assuming that V is a Cartan 
connection): 

^J3,m ((^^(ei,ej)) = dV(FB^„,ei,ej) - (da;''(ej, F^^^)) - {dw'' {VB^m^ei)) + 

= da;''([FB^„,ei],ej) + dw''([ei,ej],y|^^) + d6j^([ej,V^ „,],£,) 
= duj''{[V^^ei],ej) - duj''{[V^^ej],ii) + ^Lo^{[ii, ij])duj''{ee, V^^J+ 

+ 5^V''->H[6„e,])da;'=(l^(3,„yi,„) = 

= du''{[V^^ei],ej) + dw^{ei, [V^^ej]) - ^ dw%ei,ej)uj^{[V^^ei]) , (6.12) 

I 

V^,m (^^'^■^(ei,ei)) = 

= ciV'^-'^ ([FJ,^, e.], e,) + dV^^-'^ ([e., e.^V^^^) + dV'^^'^ ([e„ V^^J, e,) = 

= di^'^'^ilV^eilej) + di;^^-'{e^, [vZZ~e,])- 
- 5^ du^iei, Wi^^'^'^iiV^en]) - J2 di^""^'" (^^- ^M''''''i[yB^A,k]) ■ (6-13) 

n A,k 

6. 1 Construction of a canonical Cartan connection on a hyperbolic manifold. 

Assume that M is hyperbolic. In this case qq ^ su2,i © su2,i and the special 
basis {ei,VA,k) is given in Appendix. Notice also that, using the same arguments 
which brought to (4.5), any good Cartan connection -0 is so that 

duj'^ =uj^ ^UJ^ + Slj^ a a;2 + Tto^ A cu^ + 2^'^"'^''' A to^ 

+ linear combinations of | a;^ A oj^ , a;^ A a;-' , 3 < j < 6 } (6-14) 

du^ =uj^ Auj^ + S'u^ Alo^ + T'lu^ AiJ^ + 2V'^''"'° A 

+ linear combinations of { A , A , 3 < j < 6 } (6.15) 

for some suitable functions 5, S', T, T'. Moreover, from the vanishing of 

d'^u^{e4,€5,ee) = d^w^ea, es, ee) = d^a;^(e3, €4, ee) = d^a;^(e3, €4, £5) = 

and using (6.3), one can check that for any good Cartan connection the following 
identities hold: 

duj^{e5, ee) = duties, ee) = duties, 64) = duties, €4) = . (6.16) 

Now we will proceed with the construction of a canonical Cartan connection, 
which is based on a sequence of technical lemmata. 
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Lemma 6.5. On any trivializable open subset 7r~^(W) C Pcm{M), there exists a 
good Cartan connections ^, which satisfies the following conditions for any a = 1,2, 
j = 1,3,4 and k = 2,5, 6; 

dL0^{ii,€3) = da;^(ei,e4) = da;^(e2,e5) = duj^{e2,ee) = , (6.17) 

duj^{€3, €4) = d6j'^(e3, €4) = du^ii^, cq) = duj*^{e5, ee) = , (6.18) 

duj^{ej,e^) - duj^{ej,eQ) = duj^{ej,e^) + dLo^{ej,efi) + dtj2(e,-, £3) = , (6.19) 

di^'^{.h,h) - dL0^iek,e4) = d^^i^k,e3) + (ia;^(efc,e4) + dLO^{ek,ei) = , (6.20) 

da;^(e3, ei) = da;^(e4, ei) = da;^(e4, ei) = da;^(e3, ei) = , (6.21) 

duj^i5,i2) = dco^iie, ea) = doolie, £2) = dco^ie^, £2) = . (6.22) 

Moreover, if ijj' is another good Cartan connection with the same properties and 

expressed in terms of tjj as in (6.7), (6.8), then the functions Sj'^'^, S*^'^'*^, 82'^'^, 
with a,b,= 1,2 and 3 < J < 6, are vanishing, while the others satisfy the following 
linear relations: 

51,1,0 ^ 52,1,1 ^ _5i,i,i ^ 52,1,0 ^ 52,1,1 ^ 51,1,1 ^ (g_23) 

= 5f '1 = -Sl^^^' , S'/'" = 5^'' = 5(1'''' . (6.24) 

Finally, for any good Cartan connection ip, which satisfies (6.17) - (6.21), the 
following identities hold for any a = l,2, j = l,3,4 and A; = 2, 5, 6; 

du^{e2,ej) = duj\ei,ek) = d^^^'"^-" (€3,64) = dV-^^'-" (65, ee) = . (6.25) 

Proof. Consider a good Cartan connection on tt~^{U) C Pcm{M) and let ip' be 
another 0Q-valued 1-form defined as in (6.7) and (6.8) by means of some functions 
ga,b,k_ rpj^g i.ioTm V'' satisfies (6.17)i if and only if 

= du\e'„e'3) = -u\[e^ + 5^"=' V.t,,,, 63 + 3^'%%,^]) = 

b,c,k d,e,£ 

= -u;^([ei,e3]) + 5|'"'V([y2%,o,e"i]) = 

= dco\ii,i3)-2Sl'^'\ (6.26) 

i.e. S^'^'^ = —^dio^{es, ei). In a similar way, one can check that the other conditions 
in (6.17) and (6.18) are satisfied if and only if 

'S'4'^'° = ~du^{h,^i) , Sl'^'° = ~duj'^{e5,€2) , S^'^'^ = ~duj'^{ee,e2) , 

(6.27) 

Sl'^'^ = -duj^{e3,e4)--^du;'^{e4,ei) , Sl'^'° = -du'^{e3,e4)+-du'^{e3,ei) , (6.28) 

^j'^''^ = \ ((i(j'^(e-,-,e5) - dL0^{ij,€6)) , = ^ (du;'*(efc, €3) - du)^{ik,i4)) , 

(6.29) 
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= -l {duj^{ej,e5) + du:\e^,e^) + du\e,,e2)) , (6.30) 

5^'^'° = {dio\ek,h) + du\ek,u) + du\ek,h)) (6.31) 

for any j = 1, 3, 4 and A; = 2, 5, 6. 

A tedious but straightforward check, based on (6.12), shows that if wc choose 
the functions S"^'^ so that (6.27)- (6.31) hold and ah the remaining functions so 
that (6.10) is satisfied, then il)' satisfies (6.3) and condition (3) of Lemma 6.2. 
This means that ■0' is a Cartan connection and hence that we may assume that -0 
satisfies also (6.17) - (6.21) (by replacing -0 with -0'). From (6.26) - (6.31), it is 
clear that any other with such properties is defined by functions Sj''^ so that 
^a,2,o ^ ga,ifi ^ ga,b,o ^ a, 6 = 1, 2 and 3 < J < 6. 

Let us now look for those tp' which satisfy also (6.21) and (6.22), we see that 
this occurs if and only if the following holds: 



^2,1,0 




= duj^{e3,ei) , 


^1,1,0 




= duj^{e4,ii) , 


(6.32) 




+ Sl'^'^ 


= duj'^{ei,es) , 


^2,1,0 




= duj'^{e4,ei) , 


(6.33) 


C2,2,0 
'-'2 


q2,2,1 


= duj^{€5,e2) , 


r,l,2,0 
'-'2 


02,2,1 


= du;^{ec„e2) , 


(6.34) 


q1,2,0 
'-'2 




= duj^{€2,e5) , 


C.2,2,0 
"^2 


c.1,2,1 


= duj^\eQ,e2) ■ 


(6.35) 



It is not hard to realize that the system given by the equations (6.32) -(6.35) 
has maximal rank and it is therefore solvable at any point. Moreover, with some 
other straightforward computations, it can be checked that any set of functions 
which satisfy (6.32) - (6.35) at the points of a submanifold transversal to the fibers 
can be smoothly extended to functions which satisfy (6.10) and condition (3) of 
Lemma 6.2 and which at the same time are solutions of the above given system of 
equations. From this we get the existence of a Cartan which satisfies also (6.21) 
and (6.22). The second claim is a direct consequence of (6.26) - (6.35). The last 
claim can be checked by evaluating (i^a;^(ej, £5, eg), d^a;^ (e^, £3, £4), '^^'^"(ca) ^3, 64) 
and d^a;"(ea, 65, eg) with a = 1,2, j = 1,3,4, k = 2,5,6, and recalling that they 
have to vanish because of the well-known triviality of the operator d^. □ 

Lemma 6.6. On any trivializable open subset 'k~^{14) C Pcm{M), there exists a 
good Cartan connection ip, which satisfies (6.17) - (6.21) and the conditions: 

^^^'^■°(e3, €4) = dij^^'-'^^ie^, ee) = , (6.36) 

d0^i-i-°(e3,e^) + dV'^=^-^-»(e4,e^) = (i0^^'^'"(e3,e^) -c^V'^^'^'°(e4,ei) = , (6.37) 

di>''^-^-''{h,e2) + di?'^-^-°{eQ,e2) = d^^^'^'" (es, £2) - dV'^^'^'" (eg, £2) = , (6.38) 

Moreover, if ip' is another good Cartan connection with the same properties and 
expressed in terms of ip as in (6.7), (6.8), then all functions Sf''^ are vanishing 
except the functions which appear in (6.23)2, (6.24)2 and the functions 5^'"'^, Sj' , 

5^'^'^ and sy^'^ with a = 1,2, j = 3,4:, k = 5,6 and 1 < J < 6, among which the 
following relations have to be satisfied: 

C.1,1,1 _ 1 qI.I.S c.2,1,1 _ 1 c,l,l,2 01.2,1 _ 1 c,l,2,2 ^2,2,1 _ 1 c,1.2,2 

'-'i — ' ~ 2 ' ~ ~2 ' ~ 2 ' 

(6.39) 
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Proof. Starting as in the previous lemma, let us fix a good Cartan connection tp on 

Tr~^{U) C Pcm{M), which satisfies Proposition 6.5, and let ip' be an arbitrary qq- 
valued 1-form, defined as in (6.8) by means of some functions 5*°'^'*^, which satisfies 
the same conditions. From the results of the previous lemma on the functions S^'^'^ 
and by the same line of arguments used in its proof, we see that (6.36) i is satisfied 
if and only if 

i=l 

and hence, by (6.23), if and only if 

^1,1,0 ^ ^2,1,1 ^ ^ l^^yi.i.o(g^3^ €4) . (6.40) 

Similarly, the other equality of (6.36) is true if and only if 

S'/'^ = Si'''' = -S'/'' = ^di;''^-^-o{i,,ee) . (6.41) 

With similar arguments we get also that (6.37) - (6.42) are satisfied if and only if 

2Sl'''' - Sl'^'^ = #^^'^'°(e3,ei) + di^''''^'^ (ei,ei) , (6.42) 

2Sl'''' + Sl'^'^ = di/-'-'^{hrei) - di^'^-^'^e^M) , (6.43) 

252^'''^ - Sl'^'^ = di/''-'°{e^, £2) + dil)^-'^'°{€Q, €2) , (6.44) 

252^'''^ + 55''''' = dV''^.^.°(e6, £2) - dV'^^'^'°(e5, £2) , (6.45) 

The proofs of (6.42) - (6.45) are slightly more involved than those in the previous 
lemma and so, for convenience of the reader, we exhibit the steps which bring to 
(6.42) (the other conditions are obtained in a very similar way). To check that, it 
is enough to observe that if)' satisfies (6.37) 1 if and only if 

= d^''^-''°{[es,ei]) + #^^'^'°([e4,ei]) - 25^''' + Sl'^'^- 
-Sl''''du;He'„e[) - Sl''''du;\e'„e[) = 

= dV^^i.i.n([e3,ei]) +dV^^=^.i.o([,^^^,^^]) _ 252,1,1+51,1,2 ^ 

where we used (6.17) and the claim on the vanishing of certain functions 5'j'^'° 
given in Lemma 6.5. 
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Now, it is clear that, even if (6.42) - (6.45) do not determine completely the 
functions S^'"''^, S\'^2 >S'^+3^, a = 1,2, they form a system of maximal rank, 
which always admits a solution. As in the proof of the previous lemma, we may 
choose the functions 5j ''^ so that all conditions (6.40) - (6.47) are satisfied at the 
points of a submanifold which is transversal to all fibers and then, find out what are 
the conditions in order to be able to extend these functions to the whole trivializable 
open set, so that (6.10) and (3) of Lemma 6.2 are true and obtain in this way a 
good Cartan connection. By some straightforward computations, based on (6.12), 
(6.13) and the hypothesis, we get that all this can be done implying that a Cartan 
connection which satisfies all requirements exists and that for any other Cartan 
connection ij)' the functions Sj'^ satisfy the relations (6.39). □ 

Lemma 6.7. On any trivializable open subset tt~^{1/() C PcuiM), there exists a 
unique good Cartan connection ip, which satisfies (6.17) - (6.22), (6.36) - (6.38) 
and the following conditions for any a = 1,2, j = 1,3,4 and k = 2,5,6; 



#^-^■^£3,64) = dV^-^'He5,e6) = , 




(6.46) 


duj\ij,e2) + d^P^''^'" (ej, ee) - d^^^-'-" (e,-, €5) = 


, 


(6.47) 


duj^ij,e2) + d^^^-^-" (e,-, eg) + d^;^^'^'" (e,-, ee) = 


, 


(6.48) 


du;\ik,ei) + d4^^'-'-°{ek,U) - (e^, £3) = 


, 


(6.49) 


dw^{ik,ii) + d2l;''^'^'"{ik,i3) + di;^'-'-°{ik,i4) = 


, 


(6.50) 


#^^.^■^(63,64) = dtp^'''''ies,ee) = , 




(6.51) 


2dV^''''° (ci, 62) + (ej, 65) + d^^^'''^ (ej,ee) 


= , 


(6.52) 


2#^^'i.°(efe,ei) + dV^^=^'^-Hefc,e3) + dV'^^'^'Uefe,e4) 


= . 


(6.53) 



Proof. The proof proceeds exactly as for the previous two lemmata. Assuming 
that ip satisfies all claims of Lemma 6.6 and 6.7, let us look for a modified ip' which 
has the same properties and for which (6.46) 1 hold with a = 1. We get that the 
functions Sf''^ have to satisfy 

= dV''^M.i(e-,e^) = -J2s'/''du^{i'„i',) = 

= _V;^i,i,i([g3,g^]) + 5M-2_5i,i,i+ ^ Sl''''ddcv\es,h) = 

k=5,6 
fc=5,6 

where we used the fact that Sj'^'^ = when j = 3,4 and that du"^ {63,64) = 0. So 
we have that 

'^3'''' = -ldi;''-'^^^{63,i4) + IY1 Sl''''du;\6s,64) . (6.54) 



30 



G. SCHMALZ AND A. SPIRO 




On the other hand, for any ij}' which is also a Cartan connection, we have to impose 
that (6.10) holds true. This implies that for any fc = 5,6 

^1:1,1(53"''') = -Si'''' , vi,^,{sl'^') = si''' = , 

where we use the fact that S"^'''' = by Lemma 6.5. So, from (6.54) and using 
(6.12) and (6.13), we get that any ip' which satisfies (6.46)i and (6.10) has to 
satisfies also 

^2,1,0 ^ ^1,1,1 ^ ^2,1,1 ^ -V{i liSl''''^) = 

k=5,6 

^d^/J''-■''"{es,h) -It. Sl''''duj\es,e4) = . (6.55) 

fe=5,6 

With similar arguments applied to (6.46)2 we get that 

S^'^'O = 5l'2.1 = 52,2,1 ^ Q _ ^g_gg^ 

Now, using (6.55) and (6.56), we may determine the conditions for which (6.47) - 
(6.50) are satisfied. With the same arguments of before we find that we must have 

-5)'"'' =-l {du\ej,i2) + c/V'^^'^'°(ej, ee) - di^''^-'-°{ij, £5)) , (6.57) 

Sf^'' =~ {du;%ej,e2) + dV^^^'^'°(e,-, €5) + di;""''''" (ij, eg)) , (6.58) 
Sl'''' = ~ {diu\ik,h) + d^p''^-^'''{ek,h) - d^l;''--^-"{ik,es)) , (6.59) 

Sl'''' = -I (da;=^(efc,ei) + d^^^.^.°(efc,e3) +dV^^'^'°(4,e4)) , (6.60) 

for any j = 1,3,4 and k = 2,5,6. As before, a tedious but straightforward check 
shows that functions which satisfy (6.55) - (6.60) define a ip' so that all equations 
(6.10) and Lemma 6.2 (3) are satisfied. So, we may replace ip with ip' and assume 
that also the conditions (6.48) - (6.50) are true. Moreover, from the previous 
discussion, we see that, if we look for another ip' which satisfies those conditions 
and so that (6.46) and (6.47) are true, we have to look among the flg-valued 1- 
forms for which the functions 5*^'^'° and 82'"^'' are vanishing, by (6.55) and (6.56). 
Moreover, by (6.57) - (6.60), we also have to suppose that all functions 5""'^'^ and 

5^'^'^, with j = 1,3,4 and = 2, 5, 6 are vanishing. With these assumptions, we 
get that (6.46) and (6.47) are true if and only if 

S'/'^ = -^^^^^■^'^^3,64) , 5]'''' = ld^''''^'^{es,e,) , (6.61) 
^5'''' = -^#^^'^'^^5,66) , ^6'''' = ld^'''''Hi5,i6) , (6.62) 
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Again, a tedious but straightforward check shows that such functions define a tj)' 
so that all equations (6.10) and Lemma 6.2 (3) are satisfied. Hence wc may replace 
ip by ip' and assume that now even (6.46) and (6.47) are satisfied. Moreover, any 
other good Cartan connection with the same properties is determined by functions 
S"^'^ which are all trivial except for the functions Sj'^'^ and 5'^'^'^, with j = 1, 3, 4 

and A; = 2, 5, 6, and the functions S\'^''^ and 6*2'^'^. 

These functions are uniquely determined if we require that (6.51), (6.52) and 
(6.53) are true. In fact, using the vanishing of all other functions and by the same 
arguments of before, we see that this occurs if and only if 

= di:^-'-'- (€3, €4) , ^2'''' = d^^^'-'^ (€5, ee) , (6.63) 
= -\ (2dV'''^'^-"(ei,e2) + dV'''^'^-Uej-,e5) + dV'''^-^'Hei,€6)) , (6.64) 

-^fe = -\ (2dV'^^'^'°(4,ei) + #^^'^'^(efc,e3) + d^^^^'^'^ {ekM)) , (6.65) 

for any j = 1, 3, 4 and A; = 2, 5, 6. 

Again, it can be checked that (6.10) and Lemma 6.2 (3) are satisfied and hence 
that such a 0Q-valued form is a Cartan connection. The uniqueness of such con- 
nection follows immediately from (6.63), (6.64) and (6.65). □ 

The previous lemma leads to the main result of this subsection. 

Proposition 6.8. There exists a unique (globally defined) good Cartan connection 
il^CM on Pcm(M) that satisfies (6.16) - (6.22), (6.25), (6.36) - (6.38), (6.46) - 
(6.53). Moreover, the pair (Pcm(-^), V'cm) is, generically, not isomorphic with 
the pair {P{M),lom) of Theorem 1.1. 

Proof. By the remarks after (6.10), the existence of a unique canonical Cartan 
connection which satisfies the hypothesis on any trivializable open set implies the 
existence of a globally defined Cartan connection. To prove the second claim, let us 
consider the conditions which correspond to (6.11). For this, we need to determine 
the basis for 0g + 0q which is 6-dual to the basis ej, 1 < J < 6, of + . 

By classical properties of graded semisimple Lie algebras (see e.g. [15], Lemma 
3.15), the ;B-dual element of an element in has to be in q^. In particular, 
the i3-dual element of ei is a multiple of Vi,i,2- On the other hand, the element 
^2,1,0 is a grading element for Qq, i.e. for any element X G 0g in the same simple 
subalgebra of l^,i,0) we have [V2,i,0)-^] = i^- Using this fact, the ;B-norm of V2,i,o 
is immediately computed, i.e. B(V2,i,0! ^2,1,0) = 12. So we also have 

H(ei,Fi,i,2) = ^^(ei,[y2,i,o, Vi,i,2]) = -^H([ei,Fi,i,2],V2,i,o) = 

= -^^(V^2,l,0,^2,l,0)=-6. 

This shows that the element that is ;B-dual to ei is —\Vi^i^2- By a similar line 
of arguments, one can determine all the other elements of the basis which is 
^-dual to ej, 1 < J < 6. Furthermore, since (6.11) is satisfied also if we rescale all 
vectors by the factor —1/6, we may assume that the vectors (e^) are = Vi^i^2, 
= ^1,2,2, = -^1,1,1, = ^2,1,1, = -Vi,2,i and = ^2,2,1- 
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At this point, it is just a matter of computing and showing that there is one 

condition which is, generically, not satisfied. In fact, let us set eb = £3 and let 
us evaluate the component along the vector T4,i,2 of (6.11): using (6.13), such 
component becomes into 

= Vl^^^{d'il^''-'-'\euh)) + V^2:i,i W^'^'^(e4,e3)) = 

-2#^^.^.^(ei,e3) - dV""^-^-^ (61,63) • 

By (6.46), we see that our connection satisfies (6.11) only if dV'^^'^'^ (ei, £3) = 0. 
But this equality is not consequences of the conditions which characterize i^cM, 
nor it is a consequence of the linear relations implied by the identity (PipcM = 0, 
as one can check with the help of a computer program like e.g. Mathematica. With 
the help of Probenious theorem, one may infer that hyperbolic manifolds, for which 
d'^^i'i'2(ei,e3) 7^ 0, exist and are generic. □ 

6.2 Construction of a canonical Cartan connection on an elliptic manifold. 

Assume that M is elliptic. In this case Qq = s[3(C) and the special basis (ej, VA,k) 
is given in Appendix. 

Consider a good Cartan connection on a trivializable open subset 7r~^(U) C 
Pcm{M). Since qq is a complex Lie algebra, induces on 7r~^(ZY) C PcuiM), the 
(in general, non-integrable) complex structure, determined by the endomorphisms 
of tangent spaces defined by 

Jo : r„PcM(M) ^ r„PcM(M) i^{Jo{X)) = #(X) . 

Notice that, by construction, J*tp = iip and that we have the following relations 
between the components of tp: 

So, the C- valued forms on Tr~^{U) C Pcm{M) defined by 

= V'"' + iV'"' , = '^^^ - i^^* , = i^^^ + ^Vj"" , (6.66) 

(6.67) 

determine at any tangent space TuPcm{M) a basis of complex 1-forms which are 
holomorphic w.r.t. the complex structure Jo : TuPcm{M) — > TuPcm{M). We may 
also consider at any point the corresponding dual holomorphic basis (i.e. a basis of 
elements in T^'^^PcuiM) C T''^Pcm{M)). These dual bases are given at any point 
by the following complex vector fields of T''^Pcm{M): 

111 

eo = o (^1 ~ ^^2) , ei = - (e3 + Hi) , 62 = - (£5 - He) , (6.69) 
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^/,o = \ {VI, + iVlo) , Vii,o = \ {Vio - iVl,) , (6.70) 

= \ ^ll - iVll) , Vn,l = \ (^3,1 - iF4,l) , V2 = \ (Fl,2 - iV2,2) . 

(6.71) 

It is clear that any real 1-form on vr ^iJA) C Pcm(^) can be expressed in terms of 
the real and imaginary parts of the C- valued 1-forms and In particular, we 
may express any good Cartan connection V^' on Tr~^{U) C Pcm{M) using the ro*'s 
and ^'^'*'s and some suitable complex valued functions Sf^. Since those expressions 
will turn out to be very helpful for our next computations, we write them down, 
for reader's convenience. 

Assume that ip' is a 0Q-valued 1-form, which satisfies (6.5) and i) and ii) of 
Definition 6.1. Then, again, we may consider the (non-integrable) complex structure 
Jo defined by iip' {X) = ipiJ'oX) and the C-valued 1-forms which are 

defined as in (6.66)-(6.68) and are Jo-holomorphic at any tangent space. We may 
also consider the associated vector fields {e^,V^}, which are defined as in (6.69) 
and (6.70). These vector fields and 1-forms are written in terms of the previous one 
as follows 

e', = ei + J2sfVA+J2sfVA , V1 = Va, 
A,e A 

w" = w\ = - Sfvj' - Sfw" ( lu^ ""^^ ^ , Sf = 'Sf 



(6.72) 

for some suitable C-valued functions Sf^ and Sf (which are linear combinations 
of the original R- valued functions Sf'^). By the same arguments of before, ijj' 

del 

is a Cartan connection if and only if for any vector Va amongst Vj^ = V4,o, 
Viifi '= ^2,0, Vi^i =^ Vi,i, Vii,i =^ 1^2,1 and V2 =^ Vi,2 and any vector eo =^ ei, 

def , def , , 1 j 

ei = €3 and 62 = €5 we have that 

[VA,ei] = i^'{[VA,ei]) , = ^^'HVaM , = ^P'i[V^,ei]) . 

By the same arguments used to prove (6.10), it follows that tp' is a Cartan connec- 
tion if and only if 

VB{Sf) = J2sfw^{[VB,e,])-J2S?^^{[VB,Vc]) , V^{Sf) = 0, 



VB{Sf) = -Y,Sf^^{[VB,Vc]) , VB{Sf) = Y,Sfw^{[VB,e,]) . (6.10') 
c j 

Finally, before going on with the next lemmata and construct the desired canon- 
ical Cartan connection, we want to remark that for any QQ-valued 1-form ip, which 

satisfies i) and ii) of Definition 6.1 together with (6.5), it is possible to express 
dw^ = d{ijO^ + ioj"^) = d{ip^^ + iip^'^) in terms of the C-valued 1-forms as follows: 

-|- linear combinations of { A , A , Kw^ ^ 1 < i < 2 } (6.73) 
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for some suitable C-valued functions a and r. Moreover, from the vanishing of 

(i^ro°(eo, 61,62) = (i^ro°(ei,ei,e2) = (i^ti7°(e2, ei, 62) = 

and using (6.3), one can check that for any good Cartan connection the following 
identities hold: 

d'cc!^\eo, Co) = dw^{ei,e2) = dvu'^ {ei , 62) = . (6.74) 

Notice that such identities could be also proved using the integrability of any elliptic 
CR structure. 

Lemma 6.9. On any trivializable open subset tt~^(1/() C Pcm{M), there exists a 
good Cartan connection ip, which satisfies the following conditions for any j = 0, 1, 2 
together with those obtained by complex conjugation: 

dw^{eo,ei) = dro°(eo,e2) = dw^{ei,e2) = dw'^{ei,e2) = , (6.75) 

dw^{ej, 62) — dcc7^(ej, ci) = d'cu^{ej,eo) + dzu^{ej, ei) + dw'^{ej, 62) = , (6.76) 
d'uu^{ei,eo) = d'cu'^{e2, cq) = d-uu^{e2,eo) = dtu^(ei, eo) = , (6.77) 

Moreover, ifijj' is another Cartan connection with the same properties and expressed 
in terms of i/j as in (6.72), then the corresponding functions Sj'^\ ^Y'^ > with j = 
1, 2, and the functions Sj^'^, with J = 0, 1, 2, are identically vanishing, while 
the remaining functions satisfy the relations 

S'^'' = si''' = si'' , si''' = -si'' = si''' . (6.78) 

Finally, for any good Cartan connection tp, which satisfies (6.75) -(6.77) the fol- 
lowing identities hold for any J = 0, 1, 2.- 

dw^{eo,Tj) = d*^'°(ei,e2) = d^''\Il,'^). (6.79) 

Proof. As in the proof of Lemma 6.5, we fix a good Cartan connection ip and we 
consider a new 0Q-valued 1-form ip' defined by some functions S*^'^ as in (6.72). 
We have to show that it is possible to choose the functions Sf''^ so that (6.75) and 
(6.76) are satisfied and so that tp' is a Cartan connection. By the same arguments 
as in Lemma 6.5, it turns out this occurs if and only if for i = 1,2 

Sl'"" = ^dw\eo,ei) , (6.80) 

Si''*^ = ^dro°(eo, 62) - dw'{ei,e2) , (6.81) 
5"'° = ~dw°{eo, ei) - ^^^(ei, 63) , (6.82) 
S''^ = {dzu^{Tj,eo)-\-dw'{Tj,ei)-\-dw^{Tj,e2)) , (6.83) 

3 4 
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si''"" = ^{dw\I],e,)-dw\I],e2)) , (6.84) 

- Sl''^ = dw\ei,eo) , 5o"'° - S^'^ = dw\e2, eo) , (6.85) 
+ Sl'^ = dw\eo, ei) , S^'" - = ^^^(62,60) . (6.86) 

The system given by the equations (6.80) - (6.86) has maximal rank and it is 
therefore solvable at any point. Moreover, with some straightforward computations 
based on (6.10') and (6.12), it can be checked that any set of functions which 
satisfy that system at the points of a submanifold transversal to all fibers can 
be smoothly extended to functions which solve all equations (6.80) - (6.86) at all 
points and that, at the same time, they satisfy all equations (6.10') and condition 
(3) of Lemma 6.2. From this we get the existence of a Cartan connection which 
satisfies all requirements. The second claim follows immediately from (6.80) - (6.86). 
The last claim can be checked by evaluating d!^w^{ej, 61,62), with J = 0,1,2, 
d^zu^\eQ, ei, (=2) and d'^vu^^eo, ei, 62) and recalling that they have to be all identically 
vanishing by the triviality of the operator d^ . □ 

Lemma 6.10. On any trivializable open subset tt~^(1/() C PcmiM), there exists 
good Cartan connection il), which satisfies (6.75) - (6.77) and the following condi- 
tions together with those obtained by complex conjugation: 

d*^"'0(ei,e2) = . (6.87) 

d^'^"-"(ei,eo) + (i^'^^'"(e2,eo) = (i^'^^>"(ei, eo) - (e2, cq) =0 . (6.88) 

Moreover, if jp' is another good Cartan connections with the same properties and 
obtained from tp as in (6.72), then all corresponding functions Sf''^ are vanishing 
except for the functions which appear in (6.78)i and the functions S^'^, S^'^ and 

Sy , with A = I, II, j = 1,2 and J = 0, 1, 2, among which the following relations 
have to be satisfied: 

qI,1 _ 1 qI,2 qII,1 _ 1 r,I,2 

'^0 — 2 1 ' ~ 2 

Proof. Following the same line of arguments of the previous lemma and of Lemma 
6.6 and using (6.78), one may check that (6.87) and (6.88) are satisfied if and only 
if 

= S'^''' = -si'' = ^d^'^".''(ei, 62) , (6.90) 

25o"'^ - S^'^ = d'^''" '"{61,60) + d^""'-" (62,60) , (6.91) 
25o''i + 5('2 = d*^^.o(ei,eo)-dM'^"'°(e2,eo) . (6.92) 

As in the previous proof, we notice that (6.90) - (6.92) is a maximal rank system 
and that, using (6.10'), it is possible to determine smooth solutions which solve the 
system at any point and which, at the same time, satisfy all (6.10') and Lemma 
6.2 (3). This gives the existence of a good Cartan connection which satisfies all 
requirements. The second claim follows immediately from (6.90) - (6.92). □ 



(6.89) 
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Lemma 6.11. On any trivializable open subset 7r~^{U) C Pcm{M), there exists a 

unique Cartan connection ip, which satisfies (6.75) - (6. 77), (6. 87), (6.88) and the 
next conditions for J = 0,1,2, together with all equations that can he obtained by 
complex conjugation: 

d*^^'i(ei,e2) = ^^'^"'^^1,62) = , (6.93) 

dro2(l7,eo) + d^'^"'°(?7,e2)-rf*^^'°(?7,ei) = , (6.94) 
dro^(l7,eo) + d^'^"'°(I7,ei)+d'yE'^^-°(^,e2) = , (6.95) 
d*^^>^(ei,e2) = 2ci*^^-°(^,eo)+d*^^^'H^,ei)+d^'^^-^(^,e2) = . (6.96) 

Proof. Following the same line of arguments of the Lemma 6.6, one can see that any 
good Cartan connection for which (6.75) - (6. 77), (6. 87) and (6.88) hold, satisfies 
also (6.93) if and only if 

5(.2 ^ _2^^v,,,(.^^^^) ^ 2 ^ 5f d^(ei,e2) , (6.97) 

S'/ = ^d*^^>i(ei,e2) + S^/^'d^{e,,e2) , (6.98) 

i=i,2 

On the other, if we assume that ip' is also a Cartan connection (and hence the 
functions Sy'' satisfy (6.10')), then, by (6.10), (6.12), (6.13) and (6.78), we must 
have also that 

y,:i(5f ) = 5^'° = 0, 

= -Vi,! i^\d^'''K^i,^2) + S^.'^d^{e^,e2)^ = . (6.99) 

Using (6.99), we get that ij)' satisfies also (6.94) - (6.96) if and only if 

4'' = -\ {dw\I],eo) + d^-^"'" (17,62) - d^'^^'°(?7,ei)) , (6.100) 

S'/'^ = {dw\U,eo)+d^''"-''(I],ei) + d^'''-''{U,e2)) . (6.101) 

With a straightforward check of (6.10') and Lemma 6.2 (3), one can see that it is 
possible to construct a -0' which satisfies (6.99) - (6.101) and hence one for which 

(6.94) and (6.95) are true. Then, coming back to (6.93), the previous remarks 
imply that the functions S^^'^, j = 1,2, have to be vanishing and hence that a 

good Cartan connection, for which (6.93) is true, is determined by functions Sf''^ 
such that 

Si'^ = -^d^y''-ier,e2) , S^'^ = ^^^'^^■^61,62) • (6.102) 

Another check based on (6.10') and Lemma 6.2 (3), shows that these conditions 
give a Cartan connection and hence that we may assume that (6.93) - (6.95) are 
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true. Prom (6.99) - (6.102), we also have that any other good Cartan connection 

with the same properties has all functions Sf''^ vanishing except for the functions 
S* j'^, J = 0, 1, 2, and for the function ^q'^. These functions are uniquely determined 
if we require that also (6.96) is satisfied. In fact this occurs if and only if 

S'o'^ = d^^'-"{ei,e2) , (6.103) 

S^'^ = -j{2d^'''--{I],eo) + d^''''-^iI],ei) + d^^'^iI],e2)) . (6.104) 

Another check of the validity (6.10') and of Lemma 6.2 (3) gives the existence of 
such good Cartan connection and (6.103) and (6.104) give also the uniqueness. □ 

The previous lemma provides immediately the existence of a canonical Cartan 
connection for any elliptic manifold. In fact, 

Proposition 6.12. There exists a unique (globally defined) good Cartan connection 
ipCM onPcuiM) that satisfies (6.74), (6.75) - (6.77), (6.79), (6.87), (6.88), (6.94) 
- (6.96). Moreover, the pair (-Pcm(-^)) V'cm) is, generically, not isomorphic with 
the pair {P{M),ujm) of Theorem 1.1. 

Proof. By the remarks after (6.10), the existence of a unique canonical Cartan 
connection which satisfies the hypothesis on any trivializable open set implies the 
existence of a globally defined Cartan connection. For the second claim, it suffices 
to observe that the component of (6.11) along the vector Vi^2 with es = es is 
generically not satisfied. Since the computations to explicitate such component 
and to check that the corresponding condition is not satisfied are are very similar 
to those given in the proof of Proposition 6.8, we omit them. □ 



Appendix 
A special basis for qq (hyperbolic case) 
It is known (see e.g. [16]) that in this case Qq is a Lie algebra isomorphic to 
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The basis we consider for such Lie algebra is the following: 
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A special basis for Qq (elliptic case) 
It is known (see e.g. [16]) that in this case Qq is a Lie algebra isomorphic to 



"11 "12 ai3 

s[3(C) = I 021 "22 "23 ) , G C , an + a22 + aaa = 

0131 "32 Q!33 , 

The basis we consider for such Lie algebra is the following: 
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